A ring R is said to be right P-injective if every homomorphism of a principal right ideal to R is given by left multiplication by an element of R. This is Ž . equivalent to saying that lr a s Ra for every a g R, where l and r are the left and right annihilators, respectively. We generalize this to only requiring that for each Ž . 0 / a g R, lr a contains Ra as a direct summand. Such rings are called right AP-injective rings. Even more generally, if for each 0 / a g R there exists an n n Ž n . n ) 0 with a / 0 such that Ra is not small in lr a , R will be called a right QGP-injective ring. Among the results for right QGP-injective rings we are able to show that the radical is contained in the right singular ideal and is the singular ideal with a mild additional assumption. We show that the right socle is contained in the left socle for semiperfect right QGP-injective rings. We give a decomposition of a right QGP-injective ring, with one additional assumption, into a semisimple ring and a ring with square zero right socle. In the third section we explore, among other things, matrix rings which are AP-injective, giving necessary and sufficient conditions for a matrix ring to be an AP-injective ring. ᮊ
INTRODUCTION
Throughout we assume R is a ring with identity and modules are unitary Ž . Ž . right R-modules. Let J R be the Jacobson radical of R and Z M be the singular submodule of an R-module M. The Baer criterion for testing when an R-module M is injective naturally leads one to consider the case when one can extend any homomorphism from any principal right ideal of R to M to a homomorphism of R to M. A module M is said to be principally injective, or P-injective for short, if every map from any principal right ideal to M extends to a map of R to M, i.e., is given by left multiplication by an element of M. This is equivalent to saying that Ž . l r a s Ma for all a g R, where l and r are the left and right annihila-M R tors, respectively. When the ring is P-injective as a right module, the ring is said to be a right P-injective ring. Many results which are known for right self-injective rings, such as the equality of the Jacobson radical with the right singular ideal, and in some cases equality of the right and left w x w socle of R, see 2, 6 , were shown to hold for right P-injective rings in 7, x 9 . The second author began to study the rings for which one could write each homomorphism from a principal right ideal to R as the sum of two homomorphisms in a non-trivial way, with the first term a map which did extend to all of R and the second term one which could not be extended. More precisely, suppose the module M has the property that for all Ž . 0 / a g R, l r a s Ma [ X , where this is a direct sum over the M R a Ž . endomorphism of ring of M. Such modules are called A almost P-injecw x tive modules. Many of the results of 9 were obtainable for the class of right AP-injective rings. This suggested the possibility one could obtain Ž . these same results if for all 0 / a g R, Ra is not small in lr a as a left R-module. Indeed, this turns out to be the case and is the subject of Ž . Section 2 where we consider the Q quasi P-injective rings and even a more general setting, QGP-injective rings. In Section 3 we extend the w x w results on maximal right ideals of Camillo 3 on commutative rings and 9, x 10 for right P-injective rings to AP-injective rings. Also, we study the categorical aspects of AP-injective rings and give necessary and sufficient conditions for a matrix ring over a right AP-injective ring to be right AP-injective. Section 1 gives the notation and relation with annihilators which are needed in Sections 2 and 3 as well as examples to illustrate the concepts.
NOTIONS AND EXAMPLES

Ž .
For a right R-module M, we let S s End M and then we have an Ž . S, R -bimodule M. For X : M and A : R, the right annihilator of X in Ž . Ä 4 R is r X s r g R : Xr s 0 and the left annihilator of A in M is 
Ž . that, in the last case, a s 0 and Ra / lr a . Hence R is not GP-injective. Clearly, the Goldie dimension of R is infinite.
2 A finite commutative ring which is AP-injective with an index R is not GP-injective.
Ž . 3 A noncommutative right AP-injective ring which is not a right GP-injective.
Let C be a noncommutative division subring of a division ring D such that the C-vector space D has dimension ) 1. Let R s C A D be the 
RIGHT QGP-INJECTIVE RINGS
In this section we consider concepts more general than AP-and AGP-Ž . Ž . injective rings. As motivation we note that equality of J R and Z R was P w x proved by Koh 6 for self-injective rings and extended to P-injective rings w x and GP-injective rings by Nicholson and Yousif 9 and Nam, Kim, and w x Kim 7 , respectively. We will see in Example 2.19 that there are rings satisfying the assumptions in the next theorem but which are not right AGP-injective. Moreover, many results hold in this more general setting and therefore, we make the following definitions. DEFINITION 2.1. Let R be a ring and a g R. We say that a is a right Ž . QP-injective element of R if lr a s Ra q X with a f X , the sum being a a as left ideals. The ring R is called a right QP-injective ring if every nonzero element of R is a QP-injective element of R, while R is said to be a right QGP-injective ring if every nonzero element of R has a nonzero power which is a QP-injective element. When a g R is a QP-injective Ž . element of R and we write lr a s Ra q X , it will be understood that a a f X and X is a left ideal of R. a a
We note that the condition that a is not in X is equivalent to Ra is not a Ž . small in lr a . There is the slightly stronger condition which we will use later that requires Ra l X be small in Ra. It is easy to see that Z is a a QGP-injective ring but does not satisfy the assumption in the second part of the following result: . y e r s 0, with 1 y i a unit. This is a contradiction. So, e s 1 and hence u is left invertible. The result follows.
We note that the first part of the theorem remains true if it is only assumed that each 0 / aR contains a nonzero right QP-injective element.
Ž . For a ring R, J R is nilpotent if R is right selfinjective and RrSoc R R w x has the ACC on right annihilators by Armendariz and Park 2 . The same w x result holds for right P-injective rings 9, Theorem 2.2 . The following w x lemma is 9, Lemma 2.1 . Ž . Ž .
This is a con-
Ž . tradiction and thus l I l J R is right T-nilpotent. Proof. Let tR : R be simple. Suppose jt / 0 for some j g J. Then Ž .
Ž . Ž . 2 r jt s r t . Since R is right QGP-injective and jt s 0, there is a left Ž . Ž . Ž . Ž . ideal X such that jt f X and lr jt s R jt q X . Note that t g lr jt . Proof. It follows from Theorem 2.5 and a well-known result of Fisher w x <Ž Ž . Ž .. < 4 that l I l J R q I r is nilpotent in RrI. Therefore, for some
Ž .x n w Ž . Ž .x nq 1 n ) 0, l I l J R : I and so l I l J R s 0. Let I be either Ž .
Ž . Ž . socle. Then we have, by Proposition 2.6, J R I s 0 and so J R s l I l Ž . J R is nilpotent.
Ž . COROLLARY 2.11. Suppose that RrSoc R satisfies the ACC on right R Ž annihilators. If R is right AGP-injecti¨e in particular, right GP-injecti¨e or
.
Ž . right P-injecti¨e , then J R is nilpotent.
Ž .
A module M is said to satisfy C if for any two submodules X and Y 
Proof. 1 Let a, b g R such that aR ( bR s eR, where e s e . We want to show that aR s gR for some g s g 2 . By Lemma 2.12, there exists Ž .
Ž . Ž . Ž . an idempotent f such that af s a and r a s r f . Then f g lr f s lr a .
Ž . We have lr a s Ra q X for some left ideal X of R where I s Ra l X a a a is small in Ra and nil. Set f s ra q x, where r g R and x g X . Then a ra s raf s rara q rax. Thus, ra y rara s rax g Ra l X n we may assume that a s e. There exists n ) 0 such that a / 0 and Ž n .
n n n n n lr a s Ra q X for some left ideal X of R with Ra l X nil and a a a n 0 Ž iq1 . Ž . i small in Ra . We write a s e and we have a R s a a R s
. . , n y 1. Therefore, we have
Ž . a R ( eR and ␤ a s e, where ␤ s . Now we can use the proof of 1 to conclude that a n R is a direct summand of R.
2 and eR is a minimal right ideal of R. We want to show that aR s gR for some g s g 2 . There exists n ) 0 such that a n / 0 and a n is Ž . 2 ‫-ސޑ‬injective. Since aR s 0 or aR s gR for an idempotent g, we may Ž . assume n s 1. Thus, we can proceed as in the proof of 1 .
For a module M we let E M be the injective hull of M. The module M is said to be weakly injective if, for any finitely generated submodule Ž . Ž . w x N : E M , we have N : X ( M for some X : E M 5 . LEMMA 2.14. Let M be an f. g. module. If M is weakly injecti¨e and Ž . satisfies ) , then M is injecti¨e.
The following corollary follows immediately from Lemma 2.14 and Proposition 2.13. 
n and r a s 0. By hypothesis, there exists n ) 0 such that a / 0 and
n n lr a s Ra q X for some X : J R . Since r a s 0, r a s 0. Let R s Z A 2Z be the trivial extension of Z and the Z -module 2Z . Ž . Example 1.5 1 shows that, in Theorem 3.6 or Corollary 3.7, the condi-Ž . tion that R has a finite number of maximal left ideals alone does not always imply that R has finite Goldie dimension.
We now take up the question of when a matrix ring is an AP-injective ring. 
